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Abstract
In this paper we show as main results two structure theorems of a compact homoge-
neous locally conformally Ka¨hler (or shortly l.c.K.) manifold, a holomorphic structure
theorem asserting that it has a structure of holomorphic principal fiber bundle over a
flag manifold with fiber a 1-dimensional complex torus, and a metric structure theorem
asserting that it is necessarily of Vaisman type. We also discuss and determine l.c.K.
reductive Lie groups and compact locally homogeneous l.c.K. manifolds of reductive
Lie groups.
Introduction
A locally conformally Ka¨hler structure (l.c.K. structure for short) on a differentiable mani-
fold M is a Hermitian structure h on M with its associated fundamental form Ω satisfying
dΩ = θ∧Ω for some closed 1-form θ (which is so called Lee form). A differentiable manifold
M is called a locally conformal Ka¨hler manifold (l.c.K. manifold for short) if M admits a
l.c.K. structure. Note that l.c.K. structure Ω is globally conformally Ka¨hler (or Ka¨hler)
if and only if θ is exact (or 0 respectively); and a compact l.c.K. manifold of non-Ka¨hler
type (i.e. the Lee form is neither 0 nor exact) never admits a Ka¨hler structure (compatible
with the complex structure).
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There have been recently extensive studies on l.c.K. manifolds (c.f. [16] [5], [10], [2],
[6]). In this paper we are concerned with l.c.K. structures on homogeneous and locally
homogeneous spaces of Lie groups. There exist many examples of compact non-Ka¨hler
l.c.K. manifolds which are homogeneous or locally homogeneous spaces of certain Lie
groups, such as Hopf surfaces, Inoue surfaces, Kodaira surfaces, or some class of elliptic
surfaces (c.f. [2], [7]). Their l.c.K. structures are homogeneous or locally homogeneous in
the sense we will explicitly define in this paper (Definitions 1 or 2 respectively). Note
that homogeneous l.c.K. structures on Lie groups are nothing but left-invariant l.c.K.
structures, which can be considered as l.c.K. structures on their Lie algebras.
In this paper we show as main results two structure theorems of a compact homoge-
neous l.c.K. manifold, a holomorphic structure theorem asserting that it is a holomorphic
principal fiber bundle over a flag manifold with fiber a 1-dimensional complex torus (The-
orem 1), and a metric structure theorem asserting that it is of Vaisman type, that is, the
Lee form is parallel with respect to the Hermitian metric (Theorem 2). It should be noted
that the same structure theorem was proved by Vaisman ([15]) for compact homogeneous
l.c.K. manifolds of Vaisman type. As a simple application of the theorem, we can show
that only compact homogeneous l.c.K. manifolds of complex dimension 2 are Hopf surfaces
of homogeneous type (Theorem 3), and that there exist no compact complex homogeneous
l.c.K. manifolds; in particular, no complex paralellizable manifolds admit their compatible
l.c.K. structures (Corollary 3).
We will take the following key strategies to prove the main theorems. A compact
homogeneous l.c.K. manifold M is expressed as M = G/H, where G is a compact Lie
group and H is a closed subgroup of G. Since the Lie algebra g of G is a reductive, g
can be written as g = t + s, where t is the center of g and s = [g, g] is a semi-simple
ideal of g. Our first observation is (1) g must satisfies 1 ≤ dim t ≤ 2. As the second
observation, applying a result of Hochschild and Serre, (2) we can express a l.c.K. form Ω
as Ω = −θ∧ψ+dψ, where θ is the Lee form and ψ is a 1-form. Let ξ ∈ g be the Lee field (the
associated vector field to θ w.r.t. h). We put ξ = t+ s (t ∈ t, s ∈ s). We define the vector
field η = Jξ (Reeb field) for the complex structure J , and the Reeb form φ (the associated
1-form to η w.r.t. h). We will see as the third observation (3) under the condition Ω is
Jt-invariant, we have ψ = φ and g = p + k, where p =< t, η >=< t, Jt >=< ξ, η >, and
k = ker θ ∩ ker φ. In particular we can express Ω = −θ ∧ φ + dφ with φ ∈ ∧2k∗. As the
fourth observation, since the closure K of the 1-parameter subgroup of G generated by Jt
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is compact, (4) we can use the averaging method to make Ω on M invariant by Ad(K):
Ω¯ =
∫
K
Ad(x)∗Ω while preserving the complex structure J .
Our fifth observation is (5) we can consider a compact homogeneous l.c.K. manifold
M up to holomorphic isometry as M = G/H with a homogeneous l.c.K. structure (Ω, J),
satisfying g = t + s (dim t = 1); and up to biholomorphism, as such with a Jt-invariant
l.c.K. form Ω¯. In particular we can expressM = S1×ΓS/H0, where S is a simply connected
semi-simple Lie group, H0 is the connected component of H and Γ is a finite abelian group.
These observations lead to Theorem 1. As for the proof of Theorem 2, we have the sixth
observation (6) the Lee form θ and the Reeb field η are stable under the averaging by
K. In order to show it we need the seventh observation (7) we have a compact subgroup
S1 × NS(H0)/H0 imbedded in G/H0 = S1 × S/H0 as a l.c.K. manifold. We also need a
classification of l.c.K. compact Lie algebras. We will see as the eighth observation (8) a
reductive Lie algebra admits a l.c.K. structure if and only if dim t = 1 and rank s = 1. In
particular a compact Lie algebra admits a homogeneous l.c.K. structure if and only if it
is u(2); and any homogeneous l.c.K. structure on a compact Lie group is of Vaisman type
(Theorem 4).
1 Preliminaries
In this section we review some terminologies and basic results in the field of homoge-
neous spaces and l.c.K geometry, relevant to our arguments on homogeneous and locally
homogeneous l.c.K. structures in this paper.
Definition 1. A homogeneous locally conformally Ka¨hler (homogeneous l.c.K. for
short) manifoldM is a homogeneous Hermitian manifold with its homogeneous Hermitian
structure h, defining a locally conformally Ka¨hler structure Ω on M .
Definition 2. If a simply connected homogeneous l.c.K. manifold M = G/H, where
G is a connected Lie group and H a closed subgroup of G, admits a free action of a
discrete subgroup Γ of G on the left, then we call a double coset space Γ\G/H a locally
homogeneous l.c.K. manifold.
A homogeneous manifoldM can be written as G/H, where G is a connected Lie group
with closed Lie subgroup H. If we take the universal covering Lie group Ĝ of G with the
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projection p : Ĝ → G and the pull-back Ĥ = p−1(H) of H, then we have the universal
covering M̂ = Ĝ/H0 of M , where H0 is the connected component of the identity of Ĥ;
and Γ = Ĥ/H0 is the fundamental group of M acting on the right. In case G is compact,
Ĝ is of the form Rk × S (k ≥ 0), where S is a simply connected compact semi-simple Lie
group. It is also known that G has a finite normal covering G˜ of the form T k×S with the
projection p˜ : G˜→ G; and a compact homogeneous manifold M = G/H can be expressed
as G˜/H˜ = T k×ΓS/H˜0, where H˜0 is the connected component of the identity of H˜ = p˜−1H
and Γ = H˜/H˜0 is a finite group acting on M˜ = T
k × S/H˜0 on the right.
In case M is a homogeneous l.c.K. manifold, M̂ is also a homogeneous l.c.K. manifold;
and since the Lee form θ̂ = p−1θ is exact the fundamental form Ω̂ = p−1Ω is globally
conformal to a Ka¨hler structure ω. The Lie group Ĝ acts holomorphically and homothet-
ically on (M̂ , ω) on the left; and the fundamental group Γ acts likewise on (M̂, ω) on the
right. Conversely, a Ka¨hler structure ω on M̂ = Ĝ/H0 with holomorphic and homothetic
action of Ĝ on the left and Γ on the right defines a homogeneous l.c.K. structure Ω on
M = G/H, where H = H0 ⋊ Γ with Γ ∩ H0 = {0} and Γ ⊂ NĜ(H0). If Γ is a discrete
subgroup of Ĝ acting properly discontinuously and freely on Ĝ/H0 on the left, then we
can define a locally homogeneous l.c.K. structure on Γ\Ĝ/H0. In particular, for a simply
connected Lie group G with a left invariant l.c.K. structure Ω and a discrete subgroup Γ
of G, Ω induces a locally homogeneous l.c.K. structure Ω˜ on Γ\G.
Let M = G/H be a homogeneous space of a connected Lie group G with closed
subgroupH. Then the tangent space ofM is given as a G-bundleG×H g/h overM = G/H
with fiber g/h, where the action of H on the fiber is given by Ad(x) (x ∈ H). A vector
field on M is a section of this bundle; and a p-form on M is a section of G-bundle
G ×H ∧p(g/h)∗, where the action of H on the fiber is given by Ad(x)∗ (x ∈ H). An
invariant vector field (respectively p-form), the one which is invariant by the left action of
G, is canonically identified with an element of (g/h)H (respectively (∧p(g/h)∗)H), which
is the set of elements of g/h (respectively ∧p(g/h)∗) invariant by the adjoint action of H.
A complex structure J on M is likewise considered as an element J of Aut(g/h) such that
J2 = −1 and Ad(x)J = JAd(x) (x ∈ H). Note that we may also consider an invariant
p-form as an element of ∧pg∗ vanishing on h and invariant by the action Ad(x)∗ (x ∈ H).
We recall that g is decomposable with respect toH if there is a direct sum decomposition
of g as
g = m+ h,
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for a subspacem of g and Ad(x)(m) ⊂ m for any x ∈ H. This is the case, for instance, when
H is a reductive Lie group. In case g is decomposable, the tangent space of M = G/H
is given by the G-bundle G ×H m over M = G/H, identifying g/h with m. An invariant
vector field (respectively p-form) on M is identified with an element of mH (respectively
(∧p(m)∗)H), which is the set of elements of m (respectively ∧p(m)∗) invariant by the adjoint
action of H. A complex structure J on M can be considered as an element J of Aut(m)
such that J2 = −1 on m and Ad(x)J = JAd(x) (x ∈ H). It is also convenient to consider
a complex structure J on M as an element J of End(g) such that J2 = −1 on m, Jh = 0
and Ad(x)J = JAd(x) (x ∈ H) (c.f. [9]).
An invariant vector field X ∈ mH generates a global 1-parameter group of diffeomor-
phisms on M = G/H given by the right action of exp tX:
φ : R×G/H −→ G/H, φ(t, gH) = g(exp tX)H.
Since the closure K of the 1-parameter subgroup of G generated by X is compact, we can
use the averaging method to make differential forms ω on M invariant by Ad(K):∫
K
Ad(x)∗ω.
For a l.c.K. form Ω with its Lee from θ, we can average Ω to make a Ad(K)-invariant l.c.K.
form Ω under the condition that the action is compatible with the complex structure J .
Note that we have the Lee form θ identical with θ, but since the metric h is in general
different from h its associated Lee field ξ is in general different from ξ.
For a g-module M , we can define p-cochains as the p-linear alternating functions on
gp, which are g-modules defined by
(γf)(x1, x2, ..., xp) = γf(x1, x2, ..., xp)−
p∑
i=1
f(x1, ..., xi−1, [γ, xi], xi+1, ..., xp),
where γ ∈ g and f is a p-cochain (cf. [8]). The coboundary operator is defined by
(df)(x0, x1, ..., xp) =
p∑
i=0
(−1)ixif(x0, ..., x̂i, ..., xp)
+
∑
j<k
(−1)j+kf([xj, xk], x0, ..., x̂j , ..., x̂k, ..., xp).
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We are interested in the case when a g-module is defined by the representation of
g on R, assigning X ∈ g to −θ(X) for the Lee form θ on a l.c.K. Lie algebra g. The
corresponding coboundary operator is given by
dθ : w→ −θ ∧w + dw,
and its cohomology groupHpθ (g,R) is called the p-th twisted cohomology group with respect
to the Lee form θ. The condition of l.c.K. structure Ω on g is expressed by dθΩ = 0. We
know ([8]) that for a reductive Lie algebra g, all of the cohomology groupsHpθ (g,R) (p ≥ 0)
vanish; and in particular we have Ω = −θ ∧ ψ + dψ for some 1-form ψ.
2 A holomorphic structure theorem of compact homoge-
neous l.c.K. manifolds
In this section we prove a structure theorem of compact homogeneous l.c.K. manifolds,
which asserts that such a compact complex manifold is biholomorphic to a holomorphic
principal bundle over a flag manifold with fiber a 1-dimensional complex torus. This result
may be compared with the well-known theorem (due to Matsushima [11]) that a compact
homogeneous Ka¨hler manifold is biholomorphic to a Ka¨hlerian product of a complex torus
and a flag manifold.
Let M be a compact homogeneous l.c.K. manifold of dimension (2m + 2), m ≥ 1,
with its associated fundamental form Ω and Lee form θ, satisfying dΩ = θ ∧ Ω. M can
be written as G/H, where G is a connected holomorphic isometry group of the Hermitian
manifold (M,h) and H a compact subgroup of G which contains no normal Lie subgroups
of G. Since G is a closed subgroup of the isometry group of (M,h), it is a compact Lie
group; in particular G is reductive, that is, the Lie algebra g of G can be written as
g = t+ s
where t is the center of g and s is a semi-simple Lie algebra. Let h be the Lie algebra of
H. Then g also admits a decomposition:
g = m+ h
satisfying Ad(x)(m) ⊂ m (x ∈ H) for a subspace m of g. Note that we have also t∩ h = 0.
Since the Lee form θ is invariant, its associated vector field ξ (which is called Lee field)
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with respect to the metric h is also invariant; and thus ξ may be taken as an element of
m invariant by Ad(x) for any x ∈ H.
Any invariant form on M can be considered as an element of ∧pg∗ vanishing on h and
invariant by the action Ad(x)∗ (x ∈ H). In particular, we consider Ω, θ as the elements of
∧g∗ satisfying these conditions and
dΩ = θ ∧ Ω .
From now on we assume M is of non-Ka¨hler type; and thus θ is a non-zero, closed
but not exact form on g. Note that since s = [g, g] and θ is a non-zero closed form,
θ([X,Y ]) = dθ(X,Y ) = 0 for all X,Y ∈ g and thus θ vanishes on s. In particular we must
have dim t ≥ 1 and θ ∈ t∗.
The Lee field ξ ∈ m may be expressed as ξ = t + s, t ∈ t (t 6= 0), s ∈ s, where ξ is
normalized, satisfying h(ξ, ξ) = 1 and thus θ(ξ) = θ(t) = 1. We define the Reeb field
η ∈ m as η = Jξ with its associated 1-form φ satisfying φ(η) = 1. We can express g as
g =< ξ, η > + k,
where < ξ, η > is the 2-dimensional subspace of g generated by ξ and η over R, and
k = ker θ ∩ kerφ with k ⊃ h. Note that h(ξ, η) = Ω(η, η) = 0 and < ξ, η > is orthogonal to
k with respect to h.
It is known (due to Hochschild and Serre [8]) that there exists a 1-form ψ ∈ g∗ such
that
Ω = −θ ∧ ψ + dψ,
where ψ defines an invariant 1-form onM : ψ vanishes on h since we have ψ(h) = Ω(h, t) =
0; and ψ is Ad(x)-invariant for x ∈ H since we have ψ([h, Y ]) = dψ(h, Y ) = Ω(h, Y ) = 0.
We set ψc = ψ − c θ for c ∈ R. Note that we have dψc = dψ; and
Ω = −θ ∧ ψc + dψc.
Lemma 1. There exists σ ∈ g and c ∈ R such that
ψc(σ) = 1, ψc(t) = 0, θ(t) = 1, θ(σ) = 0,
and dψc(σ, Y ) = 0 for all Y ∈ g.
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Proof. Since θ and ψ are linearly independent, we can take an element σ′ such that
ψ(σ′) = 1 and θ(σ′) = 0. If ψ(t) 6= 0, then take ψc = ψ − c θ for c = ψ(t) satisfying
ψc(t) = 0. Then we have ψc(σ
′) = 1, θ(t) = 1, ψc(t) = θ(σ′) = 0. Note that since
dψc(t, σ
′) = ψc([t, σ′]) = 0, we have Ω(σ′, t) = 1; in particular σ′ /∈ h.
Recall that for a bilinear form Φ on a vector space V ,
RadΦ = {u ∈ V |Φ(u, v) = 0 for any v ∈ V }.
Let p′ =< t, σ′ > and q = Ker θ ∩ Kerψc = Ker θ ∩ Kerψ with q ⊃ h. Then we have an
orthogonal direct sum with respect to Ω:
g = p′ + q, p′ ∩ q = {0}.
We first note that Ω|q = dψc is non-degenerate on q (mod h). In fact, suppose that
there exists a non-zero element v ∈ q such that dψc(q, v) = 0. Then for v′ = at+ bv with
some a, b ∈ R, b 6= 0, we have
Ω(σ′, v′) = −(θ ∧ ψc)(σ′, v′) + dψc(σ′, v′) = a+ b dψc(σ′, v) = 0.
Since we also have Ω(t, v′) = 0 and Ω(q, v′) = 0, we have Ω(g, v′) = 0, contradicting the
non-degeneracy of Ω on g (mod h).
Let χ be a 1-form defined on q by χ(X) = dψc(σ
′,X). Since dψc is non-degenerate
on q, there exists τ ∈ q such that χ(X) = dψc(τ,X); and thus dψc(σ′ − τ,X) = 0 for
all X ∈ q. Let σ = σ′ − τ and p =< t, σ >, then we have an orthogonal direct sum with
respect to Ω:
g = p+ q, p ∩ q = {0}.
and ψc(σ) = 1, θ(σ) = 0 (σ /∈ h). Since dψc(σ, t) = ψc([σ, t]) = 0, we have
Rad dψc = p (mod h).
This completes the proof of Lemma 1.
From now on we write ψc simply as ψ.
Corollary 1. We have Jξ = σ (mod h); and thus η = σ (mod h).
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Proof. By the definition, the Lee field ξ satisfies that h(ξ,X) = θ(X); and thus
Ω(Jξ,X) = θ(X). By Lemma 1 we have g = p+q where p =< t, σ > and q = Ker θ∩Kerψ.
Hence we have Ω(Jξ,X) = 0 for all X ∈ q, Ω(Jξ, t) = 1 and Ω(Jξ, σ) = 0. On the other
hand, since we have Ω = ψ∧θ+dψ, we get Ω(σ,X) = ψ(σ)θ(X)−ψ(X)θ(σ)+dψ(σ,X) = 0
for all X ∈ q, and Ω(σ, t) = 1. Hence we have Jξ = σ (mod h); and thus η = σ (mod h),
where η = Jξ is the Reeb field by definition.
Corollary 2. We have LσΩ = 0.
Proof. We write Ω = θ ∧ ψ + dψ. Since we have ψ(σ) = 1 and dψ(σ,X) = 0 for all
X ∈ g, we get Lσψ = dισψ+ ισdψ = 0. Since we have Lσ(θ ∧ψ) = (Lσθ)∧ψ− θ ∧Lσψ =
(Lσθ) ∧ ψ and Lσθ = dισθ + ισdθ = 0, we get LσΩ = 0.
Corollary 3. We have 1 ≤ dim t ≤ 2, t ⊂ < t, σ > + h.
Proof. We have seen in Lemma 1 that dψ is non-degenerate on q (mod h). For any
X ∈ t written as X = at+ bσ + Z (a, b ∈ R, Z ∈ q) and any Y ∈ q, we have dφ(Z, Y ) =
Ω(Z, Y ) = Ω(X,Y ) = 0; and thus Z ∈ h. In particular, we have t ∩ q = t∩ h = {0}. Since
dim q = n− 2, we must have 1 ≤ dim t ≤ 2.
Lemma 2. Suppose that the l.c.K. form Ω is Jt-invariant. Then, p = Rad dψ as in
Lemma 1 is generated by {t, Jt} or {ξ, σ}:
p =< t, σ >=< t, Jt >=< ξ, σ > .
Proof. Let q′ be the orthogonal complement of < t, Jt > with respect to Ω. We show
first that q′ = q = Ker θ ∩Kerψ; and thus p =< t, Jt >. For X ∈ q′, we have
dΩ(X,Jt, t) = θ(X)Ω(Jt, t) = θ(X)h(t, t).
On the other hand, we have
dΩ(X,Jt, t) = Ω([X,Jt], t) = −Ω(X, [Jt, t]) = 0,
due to the invariance of Ω by Ad(expJt). Hence we have X ∈ ker θ. For X ∈ q′, we also
have Ω(X, t) = ψ(X) = 0; and thus X ∈ kerψ. Since q′ ⊂ q and dim q′ = dim q, we must
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have q′ = q. Note that since p is J-invariant q is also the orthogonal complement with
respect to h.
We show that ξ = t+ bσ for b ∈ R; and thus p =< ξ, σ >. We have
h(ξ,X) = θ(X) = Ω(σ,X) = 0
for X ∈ q; and thus ξ ∈ p. If we write ξ = at+ bσ, then a = θ(ξ) = 1.
Lemma 3. If Ω is Jt-invariant, we have Ω = −θ ∧ φ+ dφ , dφ ∈ ∧2 k∗.
Proof. We have shown that p is generated by {ξ, σ}; and q is the orthogonal comple-
ment of p with respect to both Ω and h. Since dψ is non-degenerate on q (mod h), there
exist Xi, Yj ∈ q, i, j = 1, 2, ..., k (k ≤ m) which are linearly independent and dψ =
∑
ρi∧τi,
where ρi, τi are the dual forms corresponding to Xi, Yi. Since σ ∈ Rad dψ, we have
Ω(X,σ) = −(θ ∧ ψ)(X,σ) = −θ(X)
for any X ∈ g. Hence we have
Ω(Jσ, σ) = −θ(Jσ) = −h(ξ, Jσ) = −Ω(ξ, σ) = 1.
Since h(ξ, ξ) = Ω(Jξ, ξ) = 1, we can see Jξ = σ. In fact, we can set Jξ = σ + Z and
Jσ = −ξ + Z ′ for Z ∈< ξ,Xi, Yj >,Z ′ ∈< σ,Xi, Yj >, i, j = 1, 2, ..., k; and thus we have
Z ′ = −JZ. Then we have
Ω(ξ, Jξ) = Ω(σ + Z, Jσ + JZ) = Ω(σ, Jσ) + Ω(Z, JZ),
Ω(σ, Jσ) = Ω(−ξ + Z ′,−Jξ + JZ ′) = Ω(ξ, Jξ) + Ω(Z ′, JZ ′),
from which we get h(Z,Z) + h(Z ′, Z ′) = 0; and thus Z = Z ′ = 0. Since η = Jξ by
definition we must have σ = η; and thus q = k and ψ = φ. We can also see that JXi = Yi,
i, j = 1, 2, ..., k.
We have seen, under the assumption that Ω is Jt-invariant, that ξ can be written as
ξ = t+bη. We have t =< ξ, η > (mod h) for the case dim t = 2. For the case dim t = 1, we
have g = t+s with s =< η > +k, and t is a generator of t. Note that the complex structure
J may be expressed with respect to a basis {t, η} as Jt = bt + (1 + b2)η, Jη = −t − bη;
and θ = t∗, φ = η∗ − bt∗ (t∗, η∗ ∈ g∗).
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Lemma 4. Under the condition that Ω is Jt-invariant, we can reduce the case dim t = 2
to the case dim t = 1.
Proof. First note that we have s = [g, g] = [k, k]. Since dφ ∈ ∧2 k∗, and dφ =∑ ρi∧τi,
where ρi, τi are the dual forms corresponding to Xi, Yi ∈ k, we have η ∈ [k, k] = s (mod h)
with η 6∈ h. In case dim t = 2, since we have t =< ξ, η > (mod h), η = s1 + h1 = t2 + h2
with h1, h2 ∈ h, s1 ∈ s, t2 ∈ t. Let g′ be the subalgebra of g generated by ξ and s, and
G′ the Lie subgroup of G corresponding to g′ of g. Then since we have η ∈ s (mod h),
G′ acts on M transitively; and M can be written as G′/H ′ with its isotropy subgroup
H ′ = H ∩G′. It is clear that the center t′ of g′ is generated by t, and thus dim t′ = 1. The
canonical injection G′ →֒ G induces a holomorphic isometry from G′/H ′ to G/H.
Since Jt is an invariant vector field compatible with J , satisfying ad(Jt)J = Jad(Jt),
we can apply the averaging method to make a l.c.K. form Ω invariant by Ad(expJt); in
particular, we have
Ω([Jt,X], Y ) + Ω(X, [Jt, Y ]) = 0
for all X,Y ∈ g, where Ω defines a l.c.K structure on M compatible with the original
complex structure J . By Lemma 5 we can expressM = G′/H ′ with g′ = t′+s (dim t′ = 1).
Since G′ is a subgroup of G, G′ preserves the original l.c.K. structure (Ω, J) on M as
well as the averaged l.c.K. structure (Ω¯, J) on M . Therefore, we have the following key
observation:
Remark 1. We may consider a compact homogeneous l.c.K. manifold M up to holo-
morphic isometry as M = G/H with a homogeneous l.c.K. structure (Ω, J), satisfying
g = t + s (dim t = 1); and up to biholomorphism, as such with a Jt-invariant l.c.K. form
Ω¯.
Proposition 1. A compact homogeneous l.c.K. manifold M admits a holomorphic
flow, which is a Lie group homomorphism from C1 to the holomorphic automorphism
group of M .
Proof. Let Aut(M) be the holomorphic automorphism group of M . Then we know
that Aut(M) is a complex Lie group with its associated complex Lie algebra a(M) consist-
ing of holomorphic vector fields onM . Let Isom(M) be the (maximal connected) isometry
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group of M . Then we know that Isom(M) is a compact real Lie group with its associated
Lie algebras i(M) consisting of all Killing vector fields on M . Note that G can be taken
as the intersection of Aut(M) and Isom(M) being a compact subgroup of Isom(M),
Since ξ ∈< t, Jt > by Lemma 2, the Lee field ξ is an infinitesimal automorphism on
M ; and thus ξ−√−1Jξ is a holomorphic vector field on M . Hence the homomorphism φ
of Lie algebras mapping ξ −√−1Jξ to a(M) induces a homomorphism φ of complex Lie
groups mapping C to Aut(M).
Theorem 1. A compact homogeneous l.c.K. manifold M is, up to biholomorphism,
isomorphic to a holomorphic principal fiber bundle over a flag manifold with fiber a 1-
dimensional complex torus T 1
C
.
To be more precise, M can be written as a homogeneous space form G/H, where G is
a compact connected Lie group of holomorphic automorphisms on M which is of the form
G = S1 × S,
where S is a compact simply connected semi-simple Lie group, including the connected
component H0 of H which is a closed subgroup of S. S/H0 is a compact simply connected
homogeneous Sasaki manifold, which is a principal fiber bundle over a flag manifold S/Q
with fiber S1 = Q/H0 for some parabolic subgroup Q of S including H0. M = G/H can
be expressed as
M = S1 ×Γ S/H0,
where Γ = H/H0 is a finite abelian group acting holomorphically on the fiber T
1
C
of the
fibration G/H0 → G/Q on the right.
Proof. We can assume that g = t + s with dim t = 1; and η ∈ s. Let q =< η > +h,
then since [η, h] ⊂ h, q is a Lie subalgebra of s; in fact we have q = {X ∈ s | dφ(X, s) = 0}.
Let S and Q be the corresponding Lie subgroup of G, then Q is a closed subgroup of
S since we have Q = {x ∈ S |Ad(x)∗φ = φ}, which is clearly a closed subset of S; in
particular, H0 is a normal subgroup of Q with Q/H0 = S
1, and η generates an S1 action
on S. (cf. [4]). We have seen in Lemma 3 that dφ defines a homogeneous symplectic
structure on S/Q compatible with the complex structure J , which is a Ka¨hler structure
on S/Q (due to Borel [3]); in particular Q is a parabolic subgroup of S.
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We have seen that the abelian Lie subalgebra < ξ, η >=< t, η > of g generates a 2-
dimensional torus T 2
R
action onM where t is a generator of the center of g generating a S1
action on M ; and ξ −√−1η generates a holomorphic 1-dimensional complex torus action
on M = G/H on the right. We have M = S1×Γ S/H0, where S/H0 → S/Q is a principal
S1-bundle over the flag manifold S/Q; and Mˆ = S1 × S/H0 → S/Q is a holomorphic
principal fiber bundle over the flag manifold S/Q with fiber T 1
C
. Since H ⊂ Q and thus
the holomorphic action of Γ = H/H0 is trivial on the base space S/Q, it actually acts on
the fiber T 1
C
, inducing a holomorphic principal fiber bundle M → S/Q with fiber T 1
C
.
Corollary 4. There exist no compact complex homogeneous l.c.K. manifolds; in
particular, no complex paralellizable manifolds admit their compatible l.c.K. structures.
Proof. We know that only compact complex Lie groups are complex tori, which can
not act transitively on compact l.c.K. manifolds.
3 A metric structure theorem of compact homogeneous l.c.K.
manifolds
Definition 3. A l.c.K. manifold (M,h) is of Vaisman type if the Lee field ξ is parallel
with respect to the Riemannian connection for h.
For a homogeneous l.c.K. manifold M = G/H, the Lee field ξ is parallel with respect
to the Riemannian connection for h if and only if
h(▽Xξ, Y ) = h([X, ξ], Y )− h([ξ, Y ],X) + h([Y,X], ξ) = 0
for all X,Y ∈ g. Since the Lee form is closed: h([Y,X], ξ) = 0, this condition is equivalent
to
h([ξ,X], Y ) + h(X, [ξ, Y ]) = 0
for all X,Y ∈ g. And this is exactly the case when the Lee field ξ is Killing field. It should
be also noted that ξ is Killing if and only if LξΩ = 0 and LξJ = 0 for the l.c.K. form Ω
and its compatible complex structure J .
Let σ be an element of g obtained in Lemma 1 for the original l.c.K. form Ω. We have
the following key Lemma.
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Lemma 5. We have LσJ = 0.
Proof. We have seen (in Remark 1 and Theorem 1) thatM = G/H can be expressed
as M = S1 ×Γ S/H0 with the original l.c.K. form Ω, where Γ = H/H0 is a finite abelian
group. We have a compact Lie group S1 × NS(H0)/H0 imbedded in M˜ = S1 × S/H0;
and a l.c.K. structure (Ωˆ, Jˆ) on S1×NS(H0)/H0 can be induced from the l.c.K. structure
(Ω˜, J˜) on M˜ by restriction, where NS(H0) denotes the normalizer of H0 in S. In fact we
can define a l.c.K. form Ωˆ just as the restriction on t + ns(h) of the l.c.K. form Ω on g;
and since we have ad(X)J = Jad(X) (X ∈ h) with Jh = 0, we can also define a complex
structure Jˆ on t+ ns(h)/h as the restriction of J on t+ ns(h). Note that we have t =< t >
and σ, Jt ∈ ns(h).
For the case ns(h) ) q, since t + ns(h)/h is a compact l.c.K. Lie algebra it must be
u(2) = R ⊕ su(2) by Theorem 4; in particular Ωˆ is Jt-invariant. Applying Lemma 2 we
have σ ∈< t, Jt >. Since LJtJ = 0 and LY J = 0 for all Y ∈ h, we get LσJ = 0.
For the case ns(h) = q, since we have σ ∈< Jt > +h, it follows that LσJ = 0.
Corollary 5. We have [σ, Jt] = 0; in particular Ad(exp Jt)∗σ = σ.
Proof. We have (LσJ)t = Lσ(Jt)−JLσt = 0 by Lemma 6. Since [σ, t] = 0, it follows
that [σ, Jt] = 0.
Theorem 2. A compact homogeneous l.c.K. manifold (M,h) is necessarily of Vaisman
type; that is, the Lee field ξ is a Killing field with respect to any homogeneous l.c.K. metric
h on M .
Proof. We first consider the l.c.K. form Ω¯, ψ¯ onM averaged by the closureK of the 1-
parameter subgroup of G generated by Jt. We have ψ¯(σ) =
∫
K
Ad(x)∗ψ(σ) =
∫
K
ψ(σ) = 1
by Lemma 1 and Corollary 4. Here we have normalized the volume of K to 1. We also
have dψ¯(σ,Z) = 0 for any Z ∈ g. Hence we have ψ¯, θ¯ = θ, σ, t satisfying the condition of
Lemma 1; and thus by Lemma 2 we have
p¯ =< t, σ >=< t, Jt >
Now we show that LξΩ = 0, LξJ = 0 for the original l.c.K. form Ω. Since Jt ∈< t, σ >
as shown above, we have LJtΩ = 0 by Corollary 2. As ξ = −Jσ (mod h) from Corollary 1
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and σ ∈< t, Jt >, we must have ξ ∈< t, Jt > +h. Thus, LξΩ = 0 and LξJ = 0. Hence ξ
is a holomorphic Killing field with respect to h.
4 Compact homogeneous l.c.K. manifolds of complex di-
mension 2
We know (due to Vaisman [14], Gauduchon-Ornea [6] and Belgun [2]) that there is a class
of Hopf surfaces which admit homogeneous l.c.K. structures. We can show, applying the
above theorem, that the only compact homogeneous l.c.K. manifolds of complex dimension
2 are Hopf surfaces of homogeneous type (see Theorem 3). We first determine, recalling
a result of Sasaki ([12]), all homogeneous complex structures on G = S1 × SU(2), or
equivalently all complex structures on the Lie algebra g = u(2).
Proposition 2. Let g = u(2) = R ⊕ su(2) be a reductive Lie algebra with basis
{T,X, Y, Z} of g, where T is a generator of the center R of g, and
X =
1
2
( √−1 0
0 −√−1
)
, Y =
1
2
(
0
√−1√−1 0
)
, Z =
1
2
(
0 −1
1 0
)
such that non-vanishing bracket multiplications are given by
[X,Y ] = Z, [Y,Z] = X, [Z,X] = Y.
Then g admits a family of complex structures Jδ, δ = c+
√−1 d defined by
Jδ(T − dX) = cX, Jδ(cX) = −(T − dX), JδY = ±Z, JδZ = ∓Y.
Conversely, the above family of complex structures exhaust all homogeneous complex struc-
tures on g.
Proof. Let gC = gl(2,C) = C+sl(2,C) be the complexficaion of g, which has a basis
bC = {T,U, V,W}, where
U =
1
2
(
−1 0
0 1
)
, V =
1
2
(
0 0
1 0
)
, W =
1
2
(
0 1
0 0
)
15
with the bracket multiplication defined by
[U, V ] = V, [U,W ] = −W, [V,W ] = 1
2
U.
Here we have
U =
√−1X, V = 1
2
(Z −√−1Y ), W = −1
2
(Z +
√−1Y ),
and their conjugations given by
T = T, U = −U, V = −W, W = −V.
We know that there is a one to one correspondence between complex structures J and
complex subalgebras h such that gC = h+ h and h ∩ h = {0}. Let a be the subalgebra of
gC generated by T and b the subalgebra of gC generated by U, V,W , then we have
gC = a⊕ b
where a =< T >C, b =< U, V,W >C. Let π be the projection π : gC → b and c the image
of h by π, then we have
b = c+ c,
and dim c ∩ c = 1. We can set a basis η of h as η = {P + Q,R} (P ∈ a, Q,R ∈ b) such
that Q ∈ c ∩ c and γ = {Q,R} is a basis of c:
h =< P +Q,R >C, c =< Q,R >C .
Furthermore, we can assume that Q+Q = 0 so that Q is of the form aU + bV + bW (a ∈
R, b ∈ C).
We first consider the case where R = qV + rW (q, r ∈ C). Since we have [gC, gC] = b,
there is some α ∈ C such that [Q,R] = αR. We see by simple calculation that if b 6= 0,
then q = sb, r = sb for some non zero constant s ∈ C. But then R = sR, contradicting to
the fact that β = {Q,R,R} consists a basis of b:
b =< Q,R,R >C
Hence we have b = 0, and q 6= 0, r = 0 with α = a or q = 0, r 6= 0 with α = −a. Therefore
we can take, as a basis of h, η = {T + δU, V } or {T + δU,W} with δ = c+√−1 d ∈ C:
h =< T + δU, V >C or < T + δU,W >C .
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It should be noted that the latter defines a conjugate complex structure of the former,
which are not equivalent but define biholomorphic complex structures on its associated
Lie group G.
In the case where R = pU + qV + rW, p, q, r ∈ C with p 6= 0, we show that there
exists an automorphism φ̂ on gC which maps h0 to h, preserving the conjugation, where
h0 is a subalgebra of gC of the first type with p = 0. As in the first case, we must have
[Q,R] = ηR for some non zero constant η ∈ C. We may assume that p = 1. We see, by
simple calculation that b, q, r 6= 0 and
(a− η)q = b, (a+ η)r = b,
from which we get
a2 + |b|2 = η2 (η ∈ R),
and
|q|2 − |r|2 = 4aη|b|2 .
Then an automorphism φ on b defined by
φ(U) =
1
η
Q, φ(V ) =
|b|
2η
R, φ(W ) = −|b|
2η
R,
extends to the automorphism φ̂ on gC which satisfies the required condition.
Proposition 3. Let G = S1 × SU(2) (which is, as is well known, diffeomorphic to
S1×S3). Then all homogeneous complex structures on G admit their compatible homoge-
neous l.c.K. structures, defining a primary Hopf surfaces Sλ which are compact quotient
spaces of the form W/Γλ, where W = C
2\{0} and Γλ is a cyclic group of holomorphic
automorphisms on W generated by a contraction f : (z1, z2) → (λz1, λz2) with |λ| 6= 0, 1.
Furthermore, all of those l.c.K. structures are of Vaisman type.
Proof. We consider the following canonical diffeomorphism Φδ, which turns out to
be biholomorphic for each homogeneous complex structure Jδ on g and λδ:
Φδ : R× SU(2) −→W
defined by
(t, z1, z2) −→ (λtδz1, λtδz2),
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where SU(2) is identified with S3 = {(z1, z2) ∈ C | |z1|2+|z2|2 = 1} by the correspondence:(
z1 −z2
z2 z1
)
←→ (z1, z2),
and λδ = e
c+
√
−1 d. Then we see that Φδ is a biholomorphic map. It is now clear that Φδ
induces a biholomorphism between G = S1×SU(2) with homogeneous complex structure
Jδ and a primary Hopf surface Sλδ =W/Γλδ .
Let t, x, y, z ∈ g∗ be the Maurer-Cartan forms corresponding to T,X, Y, Z ∈ g in
Proposition 2. Then we have
dz = −x ∧ y, dx = −y ∧ z, dy = −z ∧ x,
and
Ω = −θ ∧ φ+ dφ,
where θ = t, φ = 1
c
x, defines a l.c.K. form on g for the complex structure Jδ in Proposition
2. Note that we have the Lee field ξ = T − d
c
η, which is irregular for an irrational d
c
while
the Reeb field η = cX, which is always regular. The Lee field ξ is a Killing field, since we
have
h([ξ, U ], V ) + h(U, [ξ, V ]) = −d(h([X,U ], V ) + h(U, [X,V ])) = 0
for all U, V ∈ g. Hence (G; Ω, Jδ) is of Vaisman type.
A secondary Hopf surface with homogeneous l.c.K. structure can be obtained as a
quotient space of a primary Hopf surface Sλδ by some finite subgroup of G. For instance,
U(2) is a quotient Lie group of G by the central subgroup Z2 = {(1, I), (−1,−I)}. In
general we have a secondary Hopf surface G/Zm = S
1 ×Zm SU(2), where Zm is a finite
cyclic subgroup of G generated by c:
c = (ξ, τ), τ =
(
ξ−1 0
0 ξ
)
, ξm = 1,
with homogeneous l.c.K. structures induced from those on G by the averaging method (c.f.
[7]). A (primary or secondary) Hopf surface defined as above is called a Hopf surface of
homogeneous type, which is a holomorphic principal bundle over a 1-dimensional projective
space CP 1 with fiber a 1-dimensional complex torus T 1
C
.
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Theorem 3. Only compact homogeneous l.c.K. manifolds of complex dimension 2 are
Hopf surfaces of homogeneous type (up to biholomorphism).
Proof. It is sufficient to show that any compact homogeneous l.c.K. manifold M of
complex dimension 2 is a Hopf surface of homogeneous type as defined in Proposition 3.
As we have seen in Theorem 1, a compact homogeneous l.c.K. manifold M of complex
dimension 2 can be expressed as S1 ×Γ S, where S is a compact homogeneous contact
manifold of real dimension 3 which admits a Hopf fibration over CP 1 with fiber S1, and
Γ is a finite abelian group acting on the fiber T 1
C
of the vibration M → CP 1. These
are exactly Hopf surfaces with homogeneous l.c.K. structures as defined in Proposition 3.
Conversely a Hopf surface of homogeneous type admits a homogeneous l.c.K. structure as
defined in Proposition 3.
5 Homogeneous l.c.K. structures on reductive Lie groups
A homogeneous l.c.K. structure on a Lie group G is nothing but a left invariant l.c.K.
structure on G. Since G can be expressed as Ĝ/∆, where ∆ is a finite subgroup of the
center of Ĝ, G admits a l.c.K. structure Ω if and only if Ĝ admits a l.c.K. structure Ωˆ, or
equivalently the Lie algebra g of G admits a l.c.K. structure Ω˜ in ∧ g∗.
Theorem 4. Let g be a reductive Lie algebra of dimension 2m; that is, g = t+s, where
t is an abelian and s a semi-simple Lie subalgebra of g with s = [g, g]. Then g admits a
l.c.K. structure if and only if dim t = 1 and rank s = 1. In particular a compact Lie group
admits a homogeneous l.c.K. structure if and only if it is U(2), S1×SU(2) ∼= S1×Sp(1), or
S1× SO(3); and any homogeneous l.c.K. structure on a compact Lie group is of Vaisman
type.
Proof. Suppose that g admits a l.c.K. structure Ω. Since we have h = {0}, η ∈ s
and thus dim t = 1. If we apply the proof of Theorem 1 for the case h = {0}, we see
that q =< η >= {V ∈ s| [η, V ] = 0}; and thus rank s = 1 (cf. [4]). We know all of
the reductive Lie algebras g = t + s with dim t = 1 and rank s = 1: R ⊕ sl(2,R) and
u(2) = R ⊕ su(2) = R ⊕ so(3). We show that all homogeneous l.c.K. structures on u(2)
are the ones we obtained in Proposition 3: Ω = −θ ∧ φ+ dφ; and they are all of Vaisman
type. In fact, any l.c.K. form Ω′ is of the form
Ω′ = −θ ∧ ψ + dψ,
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where we can set θ = t and ψ = ax + by + cz (a, b, c ∈ R); and thus dψ = −(a y ∧ z +
b z ∧ x + c x ∧ y). For the complex structure Jδ in Proposition 2, we denote by A the
4×4-matrix determined by h′(U, V ) = Ω′(JδU, V ) for U, V = T,X, Y, Z. By the condition
that A is a positive-definite symmetric matrix, we can see by calculation that b = c = 0;
and thus A = aI4. Hence Ω
′ is equal to the original Ω up to constant multiplication.
Example 1. We can also consider = S1 × S3 as a compact homogeneous space G˜/H,
where G˜ = S1 × U(2) with its Lie algebra g˜ = R ⊕ u(2) and H = U(1) with its Lie
algebra h. Then, we have a decomposition g˜ = m + h for the subspace m of g˜ generated
by S, T, Y, Z and h generated by W , where
S =
1
2
( √−1 0
0
√−1
)
, W =
1
2
(
0 0
0
√−1
)
.
Since we have S = X+2W , we can take m′ generated by T,X, Y, Z for m; and homogeneous
l.c.K. structures on G˜/H are the same as those on G. In other words any homogeneous
l.c.K. structures on G can be extended as those on G˜/H.
Furthermore, we can construct locally homogeneous l.c.K. manifolds Γ\Gˆ/H for some
discrete subgroups Γ of Gˆ, where Gˆ = R × U(2). For instance, let Γp,q (p, q 6= 0) be a
discrete subgroup of Gˆ:
Γp,q = {(k,
(
e
√
−1 pk 0
0 e
√
−1 qk
)
) ∈ R× U(2) | k ∈ Z}.
Then Γp,q\Gˆ/H is biholomorphic to a Hopf surface Sp,q = W/Γλ1,λ2 , where Γλ1,λ2 is the
cyclic group of automorphisms on W generated by
φ : (z1, z2) −→ (λ1z1, λ2z2)
with λ1 = e
r+
√
−1 p, λ2 = er+
√
−1 q, r 6= 0. In fact, if we take a homogeneous complex
structure Jr on Gˆ/H induced from the diffeomorphism Φr : Gˆ/H → W defined by
(t, z1, z2) −→ (ertz1, ertz2), Φr induces a biholomorphism between Γp,q\Gˆ/H and Sp,q.
Note that in case p = q, Sp,q is biholomorphic to Sλ with λ = r +
√−1 q.
We have an example of a compact locally homogeneous l.c.K. manifold of non-compact
reductive Lie group which is not of Vaisman type ([1]).
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Example 2. There exists a homogeneous l.c.K. structure on g = R⊕ sl(2,R), which
is not of Vaisman type. We can take a basis {W,X, Y,Z} for g with bracket multiplication
defined by
[X,Y ] = −Z, [Z,X] = Y, [Z, Y ] = −X,
and all other brackets vanish. We have a homogeneous complex structure defined by
JY = X,JX = −Y, JW = Z, JZ = −W,
and its compatible l.c.K. form Ω on g defined by
Ω = z ∧ w + x ∧ y,
with the Lee form θ = w, where x, y, z, w are the Maurer-Cartan forms corresponding
to X,Y,Z,W respectively. We can take another l.c.K. form Ωψ = ψ ∧ w + dψ, where
ψ = by + cz (b, c ∈ R) with b > c > 0 and b2 − c2 = b, making the corresponding metric
hψ positive definite. The Lee field ξ is given as ξ =
1
b2−c2 (bW + cX). It is easy to check
that h([ξ,X], Y ) + h(X, [ξ, Y ]) 6= 0; and thus ξ is not a Killing field.
For any lattice Γ of G = R×SL(2) with the above homogeneous l.c.K. structure, we get
a complex surface Γ\G (properly elliptic surface) with locally homogeneous non-Vaisman
l.c.K. structure.
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